It is shown that the F 4 rational and trigonometric integrable systems are exactlysolvable for arbitrary values of the coupling constants. Their spectra are found explicitly while eigenfunctions by pure algebraic means. For both systems new variables are introduced in which the Hamiltonian has an algebraic form being also (block)-triangular. These variables are invariant with respect to the Weyl group of F 4 root system and can be obtained by averaging over an orbit of the Weyl group. Alternative way of finding these variables exploiting a property of duality of the F 4 model is presented. It is demonstrated that in these variables the Hamiltonian of each model can be expressed as a quadratic polynomial in the generators of some infinite-dimensional Lie algebra of differential operators in a finite-dimensional representation. Both Hamiltonians preserve the same flag of spaces of polynomials and each subspace of the flag coincides with the finite-dimensional representation space of this algebra. Quasiexactly-solvable generalization of the rational F 4 model depending on two continuous and one discrete parameters is found.
Introduction
The F 4 model was originally found in the Hamiltonian reduction method in ref. [1] (see also the review [2] ). This model describes a quantum system in four-dimensional space with Hamiltonian which is associated with the root system R of the F 4 algebra [2] : .
The arguments of a potential function v depend on the scalar products (α, z) = 4 i=1 α i z i , and summation goes over all positive roots α ∈ R + = {e i , e i ±e j , (e 1 ±e 2 ±e 3 ±e 4 )/2, 1 ≤ i, j ≤ 4}.
In the rational F 4 model the function v takes a form where ω is the harmonic oscillator frequency and g, g 1 /4 > −1/8 are the coupling constants. The configuration space is given by 4) and it coincides with the Weyl chamber.
In the case of the trigonometric F 4 model the oscillator term in (1.1) is absent, ω = 0, and v(z; β) = β 2 sin 2 βz , ( and it coincides with the Weyl alcove. When β tends to zero the trigonometric Hamiltonian degenerates to the rational one at ω = 0. Both the rational and trigonometric F 4 models are completely-integrable for arbitrary coupling constants g, g 1 . If g = 0 the Hamiltonian (1.1) degenerates to the (rational or trigonometric) D 4 model. Similarly to (1.1) this form can be associated with the dual root system of the F 4 algebra R ∨ + = {2e i , e i ± e j , (e 1 ± e 2 ± e 3 ± e 4 )} and we refer to the substitution (1.8) as to the duality transformation. Due to relation v(2x; β) = (1/4)v(x; 2β) one can see that both in the rational and trigonometric cases this transformation interchanges the coupling constants g 1 ⇄ 2g. Besides that in the trigonometric case it rescales one part of the potential (this corresponds to changing in this part β → 2β in potential functions v(x; β)) preserving the other part. In particular, if g = 0 in (1.1) the transformation (1.8) converts (1.1) into the Hamiltonian of D 4 problem.
It turns out that an analysis and formulas for the F 4 trigonometric problem are much simpler in x-coordinates than in z-coordinates originally used. Similar phenomenon was observed in G 2 model [8] , where among two equivalent systems of relative coordinates (both of which were equally suitable for the rational model) the only one led to an algebraic form of the trigonometric Hamiltonian 5 . In what follows we shall always use the form (1.9) of the Hamiltonian.
In the present paper we demonstrate the exact solvability of the rational and trigonometric F 4 models for general g, g 1 . The consideration uses a notion and a constructive criterion for exact solvability presented in [4] . This notion is based on the existence of a flag of functional spaces 6 with an explicit basis preserved by the Hamiltonian. A particular criterion for exact solvability consists of checking whether the flag is related to finite-dimensional representation spaces of a Lie algebra of differential operators. If this criterion is fulfilled, then the Hamiltonian of the given system can be written in terms of the generators of this algebra which is called the hidden algebra of the system. In [5] it was shown that the eigenfunctions of the N -body Calogero and Sutherland models [3, 6] form an infinite flag of linear spaces of inhomogeneous polynomials in (N − 1) variables, which coincide to finite-dimensional representation spaces of the algebra gl(N ), realized by first order differential operators in symmetric representation. The corresponding Hamiltonians were rewritten as quadratic polynomials in the generators of the maximal affine subalgebra of gl(N ), and the coupling constants appear only in the coefficients of these polynomials. Recently, it was shown that this statement can be extended to all ABCD OlshanetskyPerelomov rational and trigonometric integrable systems as well as to their SUSY generalizations which turned out to be associated to the hidden superalgebra gl(N |N − 1) (see Ref. [7] ). Later it was shown that for the 3-body Calogero-Sutherland models as well as BC 2 models there exists a specific additional (second) hidden algebra which was called g (2) ⊂ diff(2, R). This algebra turned out to be the hidden algebra of the G 2 rational and trigonometric models [8, 9] as well. Thus, the A 2 , BC 2 , G 2 rational and trigonometric models are characterized by the same hidden algebra g (2) and their Hamiltonians can be written as non-linear combination of the g (2) generators. The flags which occurred in all above-mentioned models were always non-classical. Therefore their Hamiltonians were emerged in block-triangular form and the problem of spectra was reduced to a diagonalization of each separate block. However, a remarkable property of all above-mentioned models holds: a certain change of variables preserving the flag was sufficient to diagonalize all blocks simultaneously and, finally, arrive at the pure triangular form.
In the present paper we show that the Hamiltonians of both rational and trigonometric F 4 models admit algebraic form, preserve the same infinite non-classical flag of linear spaces of inhomogeneous polynomials and possess a hidden algebra which we call f (4) ⊂ diff(4, R). This algebra is an infinite-dimensional, finitely-generated algebra of differential operators possessing a finite-dimensional invariant subspace. It is worth to note that the D 4 rational and trigonometric models, which play an important role in our analysis, are degenerations of BC 4 models from one side and F 4 models from another one. It implies that the D 4 rational and trigonometric models possess two different hidden algebras: gl(5) and f (4) as a consequence of these degenerations.
The paper is organized as follows. In Section 2 the gl(5) Lie-algebraic form of the D 4 rational and trigonometric models is studied. In Section 3 the rational F 4 model is analyzed, its algebraic and Lie-algebraic forms are derived. In particular, a quasi-exactlysolvable generalization of the rational F 4 model is found and studied. The trigonometric F 4 model is investigated in section 4. The variables providing the algebraic and the f (4) Lie-algebraic forms of the Hamiltonian are found by averaging over an orbit of the Weyl group. We also discuss an alternative way to found such variables in connection with 'dual' properties of the problem. Transition of the algebraic Hamiltonian from the blocktriangular to pure triangular form based on introduction of new variables completes a demonstration of the exact solvability of the model. A realization of the algebra gl(5) in terms of first order differential operators acting on four-dimensional space is given in Appendix A. Appendix B is devoted to a description of the infinite-dimensional algebra of differential operators f (4) , admitting finite-dimensional representations in terms of inhomogeneous polynomials in four variables. In Appendix C we give an explicit form of the variables leading to the algebraic form of the F 4 Hamiltonian in z-representation. Finally, in Appendix D the explicit formulas for the first several eigenfunctions of the general F 4 model are presented.
2 Algebraic and Lie-algebraic forms of the D 4 rational and trigonometric models
In this section we represent the Hamiltonians of the D 4 rational and trigonometric models in an algebraic form, by making use of permutationally symmetric coordinates. The Hamiltonians can be written in terms of the generators of the gl(5) algebra [7] and thus they have the gl(5) Lie-algebraic form.
The rational D 4 model
The Hamiltonian of the D 4 rational model is defined by (see [1] )
where g = ν(ν − 1)/2 > −1/8 is the coupling constant and ω is the harmonic oscillator frequency. The ground state eigenfunction of the Hamiltonian (2.1) is given by
2)
and the ground state energy is
As a first step towards an algebraic form of (2.1) let us make a gauge rotation
Then, in order to code permutation symmetry x i ↔ x j and reflection symmetry x i → −x i of the Hamiltonian 7 , we take as new coordinates the elementary symmetric (Vieta) polynomials S i of the arguments x 2 i ,
In the s variables the Hamiltonian h
where
These symmetries correspond to the group of automorphisms of the root space which in the D4 case is broader than the Weyl group.
where s 0 = 1 and s i = 0 at i > 4 or i < 0.
Since the coefficients (2.8) are polynomials in s, the operator (2.7) gives the algebraic form of the D 4 rational Hamiltonian. It is worth to note that the coefficient matrix A ij makes sense of a flat space metric. An important feature of (2.8) is that the coefficients A ij and B j are the second and the first order polynomials in s coordinates, respectively. It can be shown that it leads to two important conclusions: (i) the operator (2.7) preserves the flag of spaces of polynomials 9) with the characteristic vector 8 10) and hence the operator (2.7) possesses infinitely many finite-dimensional invariant subspaces, and (ii) the operator (2.7) has the gl(5) Lie-algebraic form [7] , since it can be rewritten in terms of the gl(5) algebra generators but without raising generators J The operator (2.7) with coefficients (2.8) appears to be in pure triangular form with respect to the action on basis of monomials s
4 . Therefore, the spectrum of (2.7), h (r) D 4 ϕ = −2ǫϕ, can be found explicitly and is equal to
where n = 0, 1, . . . and p i are non-negative integers with a condition
The spectrum does not depend on the coupling constant g, it is equidistant and corresponds to the spectrum of the harmonic oscillator. Degeneracy of the spectrum is related to the number of partitions of an integer number n to p 1 + p 2 + p 3 + p 4 . The spectrum of the original rational D 4 Hamiltonian (2.1) is E n = E 0 + ǫ n .
It is worth to mention that the boundaries of configuration space are determined by zeros of the ground state wave function (2.2). In s-variables the boundary is an algebraic surface in four variables A simple relation between Jacobian and pre-exponential factor in the ground state wave function (2.12) exists
Such a simplicity is of a general character because the Jacobian for the transformation from x's to the basic Weyl-invariant polynomials is equal (up to constant factor) to the product of linear functions vanishing on hyperplanes corresponding to roots (see, for instance, [11] ), i.e. just to ∆ + ∆ − from (2.3). Since our s-variables (2.6) differ from the D 4 basic invariants in taking s 4 = (x 1 x 2 x 3 x 4 ) 2 instead of x 1 x 2 x 3 x 4 , the extra factor s 4 appears in the squared Jacobian.
The trigonometric D 4 model
The Hamiltonian of the D 4 trigonometric model has the form [1]
where g = ν(ν −1)/2 > −1/8 and β is a parameter. When β tends to zero the Hamiltonian (2.14) coincides with (2.1) at ω = 0.
The ground state wave function is [2, 12] 16) and the ground state energy equals
Using the same approach as in Section 2.1, we make a gauge rotation of (2.14) with the ground state eigenfunction as a gauge factor, h
In order to code the permutation symmetry x i ↔ x j and reflection symmetry x i → −x i , as well as the periodicity of the Hamiltonian, we introduce new coordinates as the elementary symmetric polynomials of the trigonometric arguments (for definition, see eq.(2.6))
19)
which in the limit β → 0 coincide with (2.6). In these variables the Hamiltonian h
It is assumed that σ 0 = 1, and σ i = 0 at i < 0 or i > 4. The operator (2.21) with coefficients (2.22) gives the algebraic form of the D 4 trigonometric Hamiltonian. It is worth to emphasize that A ij makes sense of a one-parametric flat space metric, which is reduced to (2.8) at β = 0. Similarly to what appeared in previously discussed D 4 rational case the coefficients A ij , B j are polynomials in σ's of second and first degree, respectively.
Hence, the Hamiltonian h
can be written in terms of gl (5) generators realized as first order differential operators [4] (see Appendix A), producing the gl(5) Lie-algebraic form of the D 4 trigonometric Hamiltonian. Furthermore, it can be easily verified that the gl(5) Lie-algebraic form of (2.14) does not contain the raising generators J + i . Hence the operator (2.21) with coefficients (2.22) preserves the same flag P (D 4 ) (2.9) of the spaces of polynomials but in σ variables with the same characteristic vector (2.10). If ν = 0, the operator h
becomes the flat space Laplacian written in gl(5) Lie-algebraic form depending on a single free parameter β 9 .
The operator (2.21) with coefficients (2.22) appears to be in pure triangular form with respect to the action on basis of monomials σ
4 . Therefore the spectrum of (2.21) , h
where n = 0, 1, . . . , and p i are non-negative integers with a condition (p 1 +p 2 +p 3 +p 4 ) = n. The spectrum of the original trigonometric D 4 Hamiltonian (2.14) is E n = E 0 + ǫ n . This completes a demonstration of the exact solvability of the trigonometric D 4 model.
The boundaries of configuration space are determined by zeros of the ground state wave function (2.15). In the σ variables the boundary is an algebraic surface in four-dimensional space
(cf. (2.12)). We should emphasize that the algebraic surface (2.24) does not depend on the parameter β and therefore equation (2.24) defines the same surface as in equation (2.12) but in the space of the σ-variables. It means that the configuration space of both rational and trigonometric D 4 problems is the same when is written in appropriate variables.
There exists a trigonometric generalization of (2.13) giving a connection between Ja-cobian and (2.24)
In the limit β → 0 the equation (2.25) becomes (2.13).
The rational F 4 model
We shall derive in this section the algebraic and Lie-algebraic forms of the rational F 4 models which lead to polynomial eigenfunctions. This fact together with the explicit calculation of the eigenvalues, exhibits the exact solvability of the model.
Algebraic form
The ground state of the rational F 4 model
can be written as
where g = ν(ν − 1)/2, g 1 = µ(µ − 1), and
while the ground state energy is
The transformation (1.8) demonstrates the 'dual relation' between two parts of the wave function
General statement of the Hamiltonian reduction method is that any eigenfunction of (3.1) can be written in a factorizable form as
where P F 4 (x) is a polynomial in x i 's. The operator having these polynomials as eigenfunctions can be obtained by gauge rotation of (3.1):
In order to find variables supposedly giving an algebraic form to the original F 4 Hamiltonian (3.1) we consider as a criterion of their choice the invariance with respect to the symmetries of the Hamiltonian [5, 10] , i.e. under the group of automorphisms A of the F 4 root space (in the F 4 case this group coincides with the Weyl group W ). The invariant polynomials of the lowest possible degrees generate the algebra S W of W -invariant polynomials. These polynomials (denoted below as t (Ω) a ) can be found by averaging elementary polynomials (α, x) 2a over some group orbit (we used the orbit Ω generated by the root e 1 + e 2 , other orbits give algebraically related invariants):
The powers 2a = 2, 6, 8, 12 are the degrees of the group W .
These polynomials written explicitly as polynomials in s (see (2.6)) have a form The basis of t
(Ω) a allows some non-linear transformations preserving the Weyl invariance if it appears in variables (3.8).
Choosing
allows to simplify the variables to the form of polynomials of minimal possible degrees in s:
The Hamiltonian (3.7) written in the coordinates (3.11) has an algebraic form confirming our expectation
where summation goes over a, b = 1, 3, 4, 6 and the coefficient functions are and
14)
The coefficients A ab have a meaning of elements of metric with upper indexes which corresponds to the flat space. Thus, the operator (3.12) with the coefficients A ab and B a only (C a (µ, ν) = C a (ω) = 0) is the flat space Laplace operator.
Terms stemming from the potential part of the Hamiltonian are proportional to µ, ν,
(cf. (3.14)) and also to ω
The operator (3.12) with the coefficients A ab , B a , C a (µ, ν), and C a (ω) represents the algebraic form of the F 4 -rational model. It is easy to check that in the t-coordinates the Hamiltonian h
preserves a flag of polynomials P (F 4 ) , given by 17) with the characteristic vector f
(cf. (2.10) ). This vector reminds the highest root among short ones in the root system of the algebra F 4 written in the basis of simple roots 10 . The flag (3.17) remains invariant under non-linear transformations (3.10). The Hamiltonian also continues to be algebraic under these transformations. We should mention that the first study of the algebraic form of F 4 model was carried out in [10] using a set of variables with the only difference from our variables (3.11) in t 6 11 . It was found the characteristic vector (1, 2, 3, 5) in variance to (3.18) . However, since different t 6 variable is of the form (3.10), it preserves the same flag P (F 4 ) (3.17) . It implies that the flag indicated in [10] is not minimal in variance to the statement made in this article.
We were able to find one-parametric algebra of differential operators for which there exists finite-dimensional irreducible representation marked by an integer value of the parameter. Furthermore, the finite-dimensional representation spaces corresponding to different integer values of this parameter form the infinite non-classical flag P (F 4 ) (3.17) (see Appendix B). We call this algebra f (4) . Like the algebra g (2) (see [8] ), the algebra f (4) is infinite-dimensional but finitely-generated. The F 4 rational Hamiltonian in the algebraic form (3.12) can be rewritten in terms of the generators of this algebra.
The operator (3.12) with coefficients (3.13)-(3.16) appears to be in pure triangular form with respect to the action on monomials σ
4 . One can find the spectrum of (3.12), h 19) where n = 0, 1, . . . , and p i are non-negative integers with a condition p 1 +2p 2 +2p 3 +3p 4 = n. The spectrum does not depend on the coupling constants g, g 1 , is equidistant and corresponds (with different degeneracy) to the spectrum of the harmonic oscillator as well as the rational D 4 model. Finally, the energies of the original rational F 4 Hamiltonian (3.1) are E n = E 0 + ǫ n .
Configuration space of the rational F 4 model (3.1) is defined by zeros of the ground state eigenfunction, i.e. by zeros of the pre-exponential factor in (3.2). These zeros also define boundaries of Weyl chamber (see [2] ). The squared pre-exponential factor can be written as a product of two factors. The first one 12 , being in total given by the algebraic surface of the tenth order.
According to general theory (see [11] ) the relation between Jacobian and the preexponential factor in the ground-state wave function (3.2) is straightforward:
In order to find eigenfunctions one can derive recurrence relations and then solve them out. For several first eigenfunctions it can be done explicitly (see examples in Appendix D). Similar to what was found previously for both the Calogero (A n -rational) model [3, 5] and the G 2 rational model [13, 9] there exists among eigenfunctions a family Φ n (t 1 ) which depends on a single variable t 1 . This fact was already used in [14] in order to construct quasi-exactly-solvable many-body generalizations of the Calogero model (for definition of quasi-exact-solvability, see for example [15] ). This family of eigenstates appears due to a fact that the coefficients A 11 , B 1 , C 1 in (3.13) -(3.16) depend on the single variable t 1 only. Therefore, it is easy to verify that beside the flag P (F 4 ) (3.17) the Hamiltonian h (r) F 4 preserves another flag of polynomials P (1) , defined by the spaces
for any n, then the flag P (1) ⊂ P (F 4 ) . It leads to a degeneration of the general spectral solution for the operator h to an equation
which can be solved explicitly,
n is a Laguerre polynomial in a standard notation, n = 0, 1, 2, . . . . Existence of the flag P (1) (which looks like a truly minimal flag) is a consequence of very degenerate nature of the F 4 rational model. The Hamiltonian of the F 4 trigonometric model does not preserve this flag. Actually, there exist other 'degenerate' flags preserved by the F 4 rational Hamiltonian and thus other infinite families of eigenstates depending on (t 1 , t 3 ) or (t 1 , t 3 , t 4 ) variables only, which can be found explicitly. They are also a consequence of degenerate nature of the F 4 rational model and a reader can easily investigate them.
Quasi-exactly-solvable generalization of the F 4 rational model
Above-mentioned remarkable property of h (r) F 4 allowing a family of eigenfunctions depending on one variable leads to a possibility to construct a quasi-exactly-solvable (QES) generalization (for discussion see, for example, [15] ) of the rational F 4 model. In order to do this we will use the same trick as was used in [14] . We look for a QES generalization of (1.1) of a form
Let us make a gauge rotation (3.25) in the form (3.7) and then require that the resulting operator possesses t 1 -depending family of eigenfunctions. It results in the equation
where the spectral parameter ǫ is related to energy of the Hamiltonian (3.25) through E n = E 0 + ǫ n with E 0 given by (3.4).
Now one can pose a question under what condition on potential V (qes)
, the operator h (qes) is Lie-algebraic. The problem is similar to which appeared in [14] and the solution is the following: make a gauge rotation of h (qes) in such a way that (i) to get rid off the potential V (qes) , and (ii) to obtain the sl(2) Lie-algebraic form
are the generators of the sl(2) algebra, and the potential V (qes) should be
where the constant terms in potential are dropped off. Finally, we arrive in x-variables at the Hamiltonian (
where we know (n + 1) eigenstates explicitly. Their eigenfunctions are of the form
where P n is a polynomial of degree n. Hence we constructed the sl(2) QES deformation of the F 4 rational model. If in (3.30) the parameter g 1 (and, hence, µ) vanishes, we arrive at the sl(2) QES generalization of the D 4 rational model. The latter differs from the sl(5) QES deformation found in [16] .
To conclude a discussion of the rational case, one can state that the rational F 4 model admits the algebraic and also the f (4) Lie-algebraic forms. Since the Lie-algebraic form of (3.12) with coefficients (3.13)-(3.16) contain no positive-grading generators, an infinite family of ν, µ-depending polynomial eigenfunctions of (3.12) occurs. 4 The trigonometric F 4 model
Algebraic form
Let us consider the trigonometric F 4 system now. Its Hamiltonian can be represented as
The ground state of the trigonometric F 4 model (4.1)-(4.3) has the form
Here ∆ ± (x, β), ∆ 0 (x, 2β), ∆(x, 2β) are the trigonometric analogs of the factors appearing in the rational case (see (3.2)). In the limit β → 0 they coincide with those of the rational case, 
Guided by general theory [1, 2] and experience gained with previous studies of the Calogero-Sutherland models [5, 7] , G 2 model [8] and the rational F 4 model (see Section 3), let us check first whether there exists a family of factorized eigenfunctions of (4.1) of the type Ψ(x) = Ψ (t) 0 (x)P F 4 (x), where the P F 4 are polynomials in some variables. If this is the case, there is a chance that, in accordance with the conjectures made in [4] , the trigonometric F 4 model also possesses a hidden algebraic structure. In order to verify this we make first the gauge transformation of (4.1) with the ground state eigenfunction (4.4) as the gauge factor,
Crucially important step is to find variables (if exist) which lead to an algebraic form of the Hamiltonian (4.7). In the rational case the relevant variables were the polynomials generating the S W algebra of the Weyl-invariant polynomials of x i . This algebra allows the grading by means of homogeneous polynomials. In the trigonometric case we are going to deal with Weyl-invariant symmetric trigonometric polynomials τ k in variables
which can be also represented by polynomials in
where S k are elementary symmetric polynomials.
We impose an important requirement of a correspondence (the 'correspondence' principle, see above) that in the limit β → 0 the new variables should coincide with the variables (3.11) found for the rational F 4 model. Therefore, let us define the Weyl-invariant trigonometric polynomials by averaging the elementary trigonometric polynomials over an orbit Ω generated by the root e 1 + e 2 , The basis of τ (Ω) a allows some non-linear transformations preserving the Weyl invariance, which are more general than (3.10)
where q a (τ ; β) are polynomials in τ 's with β-depending coefficients of dimensions (2 a) 13 . 13 The dimension of τa is equal to (2 a) while for β it is equal to (−1).
Following the same criterion as for rational case to have the variables in the form of polynomials of minimal possible degrees in σ a , we get
It is worth to show the relations between the variables τ (Ω) a and τ a : Quite surprisingly, the variables τ 4, 6 in (4.11) contain no explicit dependence on β. By construction in the limit β → 0 the variables τ a coincide with the variables t a of (3.11). The polynomials (4.11) are algebraically independent and generate a certain algebra S W (β) of Weyl-invariant trigonometric polynomials. It is quite clear that S W (β) is isomorphic to the algebra S W . It simply implies that the algebra S W has β-parametric realization (4.11).
Finally, the gauge-rotated operator (4.7) in the coordinates (4.11) has an algebraic form 12) where the coefficient functions are
,
and
The coefficients A ab have a meaning of elements of a metric with upper indexes which corresponds to the flat space for any value of the parameter β. Hence, the operator (4.12) with the coefficients A ab and B a (when C a = 0) defines the flat space Laplacian in an algebraic form. At β → 0 the expressions (4.13)-(4.14) become (3.12)-(3.13). Terms stemming from the potential part of the Hamiltonian are proportional to µ, ν
(cf. (3.14) ).
Eventually, the operator (4.12) with the coefficients (4.13)-(4.15) presents an algebraic form of the F 4 trigonometric model. It is straightforward to check that the operator (4.12) with the coefficients A ab , B a , C a from (4.13)-(4.15) preserves the same flag of spaces of polynomials P (F 4 ) (3.17) as in the rational case (see (3.12)) 14 . Thus, it is evident that the F 4 trigonometric Hamiltonian in the algebraic form (4.12) can be rewritten in terms of the generators of the f (4) -algebra.
Duality
Let us make now a short digression on a parallel between two equivalent representations of the F 4 Hamiltonian related to two dual root systems mentioned in Introduction. These representations are connected by the 'duality' transformation D, eq.(1.8),
and we shall refer to two forms of Hamiltonian as to z-and x-representations, correspondingly. The functional form of the Hamiltonian in these representations is remarkably similar (but do not coincide) because of similarity of two root systems. For the rational case the only change occurs in values of coupling constants g and g 1 while for the trigonometric case a rescaling of the parameter β has to be done for some terms in the potential.
The dual transformation (1.8) being applied to the Hamiltonian (4.1) provides the following correspondence: 17) with evident rescaling of the spectrum
Polynomial functions f a and g a can be used as new variables which give an algebraic form to the Hamiltonian in x and z representations, correspondingly. Historically we used namely relations (4.23) for finding relevant variables (4.11):
Explicit formulas for g a (σ; β) are given in Appendix C. One can see that the functions f a have much simpler form than the functions g a what gives a preference to the xrepresentation.
Wave functions and energies of the trigonometric F 4 model
Configuration space of the trigonometric F 4 model is defined by zeros of the ground state eigenfunction (4.4), i.e. of the expression (∆ + ∆ − ∆ 0 ∆) 2 . This expression can be written as a product of two factors, (i): . In order to find the second factor we use the second relation (4.19) . It tells that this factor is equal to ∆ 2 + ∆ 2 − written in z-variables and, thus, it can be expressed through τ 4, 6 (z, β), Let us now proceed to finding the spectrum of the Hamiltonian (4.12). It is easy to see that the operator (4.12) with the coefficients (4.13)-(4.15) has a block triangular form in the τ variables unlike pure triangular form which is needed in order to find eigenvalues. In general, in order to reduce this operator to pure triangular form it is necessary to diagonalize each block separately, doing it one by one. Surprisingly, in our particular problem it can be performed in full generality just by introducing unique set of new variables (!)
having the same dimension as in (4.11) . It is worth to note that this substitution becomes singular at β = 0, reflecting the non-existence of bound states for the rational D 4 and F 4 models in absence of the harmonic oscillator term in potential. This coordinate transformation is of the type (4.10) and hence leaves the flag (3.17) invariant. Thus, we arrive at a conclusion that among Weyl-invariant coordinate systems (of minimal dimension) there exists unique one which leads to pure triangular form of the Hamiltonian with respect to a basis of monomials. We were unable to see a relation with variables introduced in [17, 18] in framework of a general study of trigonometric Hamiltonians based on root system which should guarantee triangular form.
In the coordinates (4.28) the Hamiltonian (4.7) takes the form where n = 0, 1, . . . , and quantum numbers p a are non-negative integers with a condition p 1 + 2p 3 + 2p 4 + 3p 6 = n. The spectrum of the original trigonometric F 4 Hamiltonian (4.1) is E n = E 0 + ǫ n (cf. (2.23)). models are characterized by the same hidden algebra -each Hamiltonian can be written as a non-linear combination of generators. It is an infinite-dimensional but finite-generated Lie algebra of the differential operators, which we call f (4) algebra. It is quite interesting that D 4 rational and trigonometric models possess two hidden algebras: gl(5) and f (4) . Similar situation takes place for A 2 , BC 2 rational and trigonometric models as well as for G 2 rational model. Their hidden algebras were gl(3) and g (2) , respectively, however, G 2 trigonometric model had the only hidden algebra g (2) (see [9] ).
Present work complements previous studies where the algebraic and the Lie-algebraic forms as well as the corresponding flags were found for the rational and trigonometric Olshanetsky-Perelomov Hamiltonians of ABCD series (and their supersymmetric generalizations) [5, 7] and G 2 model [8] . In order to conclude a study of the whole set of Olshanetsky-Perelomov integrable systems appearing in the Hamiltonian reduction method it is necessary to perform the same analysis for remaining E 6,7,8 integrable rational and trigonometric models. We consider it as a challenging task for future.
Our concrete consideration does not confirm some results presented in [10, 17] for the rational and trigonometric F 4 models. In particular, we found that the minimal flags of spaces of polynomials preserved by the rational and trigonometric F 4 Hamiltonians coincide, however, for both cases they differ from those given in [10, 17] . For trigonometric case our Weyl-invariant variables leading to pure triangular form of the F 4 Hamiltonian are singular in β. It reflects the fact that the triangular form for rational and trigonometric models has a different origin: for the rational case the diagonal matrix elements are proportional to ω while for trigonometric one to β. The variables (4.28) look different from those presented in a general scheme [17, 18] formulated for all root systems.
A Representation of the algebra gl(5)
The algebra gl(5) has a realization in terms of first order differential operators in four-dimensional (s 1 , s 2 , s 3 , s 4 )-space: .
Then the grading of J is defined as a four-component vector a = (a 1 , a 2 , a 3 , a 4 ).
If n is a non-negative integer, the representation (A.1) becomes finite-dimensional and the corresponding representation space is a linear space of polynomials P n = s For fixed n the algebra (A.1) acts on the space (A.2) irreducibly. As a function of n the spaces P n possess a property that P n ⊂ P n+1 for each n ∈ Z + and form an infinite flag (filtration) n∈Z+ P n = P.
B The f (4) algebra
We define the algebra f (4) as an algebra of differential operators on C 4 which acts irreducibly on the space of inhomogeneous polynomials in four variables P n = s where n ∈ N . Thus, f (4) ⊂ diff(C 4 ).
The structure of the algebra f These algebras form a subalgebra B ⋉ (R (2) ⊕ R (3) ⊕ R (4) ) ⊂ f (4) . Also there exists a set of the second order differential operators
C Dual relations
In this Appendix we present polynomial functions g a (σ; β) which satisfy the eq.(4.23) atσ k = S k (sin 2 (βz k /2)/β 2 ). These functions can be used as variables providing an algebraic form for the F 4 Hamiltonian in the z-representation (4.17). Compare these formulas with much simpler form of the functions τ a = f a (σ; β) from eq.(4.11) which give an algebraic form to the Hamiltonian in x-representation.
